Abstract. First, we consider first-order theories of topological fields admitting a model-completion and their expansion to differential fields (requiring no interaction between the derivation and the other primitives of the language). We give a criterion under which the expansion still admits a model-completion. It generalizes previous results due to M. Singer for ordered differential fields and of C. Michaux for valued differential fields. Using the proof of that result, we give an Ax-Kochen-Ershov theorem in that differential context. Finally, we consider first-order theories of topological fields admitting a model-companion and their expansion to differential fields and we show that under a similar criterion as before, the expansion is still model-complete. This last result can be compared with those of M. Tressl: on one hand we are only dealing with a single derivation whereas he is dealing with several, on the other hand we are not restricting ourselves to definable expansions of the ring language, taking advantage of our topological context. MSC: Primary 03C10; Secondary 12L12, 12J, 12J10, 12J15, 12H05
Introduction
We are given an inductive theory which is an expansion of a theory of fields and which has a model-completion or a model-companion. We expand the language by a new unary function symbol which satisfies the axioms of a derivation, then we consider the following question: when does the corresponding expansion of the theory retain the property of having a model-completion (respectively a model-companion) ? We will generalize a criterion due to M. Singer [35] for ordered fields, which was later adapted to the case of valued fields by C. Michaux [19] . Both criteria have a topological flavour.
As a byproduct we extend the positive answer for Hilbert's Seventeenth Problem for p-adically closed fields of p-rank d.
Then, in the same spirit, we will prove an Ax-Kochen-Ershov type result for valued differential fields.
Recently, M. Tressl had introduced a more algebraic approach to this problem, also dealing with the case of several commuting derivations. There, the crux of the matter is to decide which finite systems of algebraic differential equations are required to have a solution (see [36] ). His approach (specialized to the case of one derivation) differs from ours since he restricts himself to expansions by definition of the ring language.
2. Topological fields 2.1. Preliminaries. Let L be a first-order language containing the language of rings L rings := {+, −, ., 0, 1}. Let L fields := L rings ∪ { −1 }. A topological L-structure M, τ is a first-order L-structure with a Hausdorff topology τ such that every n-ary function symbol f of L is interpreted by a continuous function M n to M , and every m-ary relation symbol R of L and its complement is interpreted by the union of an open subset of M m and an algebraic set (M n and M m are endowed with the product topology). We will always assume that the L rings -reduct of M is a ring.
Since M has in particular the underlying structure of an additive group, a fundamental system V of neighbourhoods of zero determines the topology: for each m ∈ M , m + V is a fundamental system of neighbourhoods of m. Now a set O is open if and only if it is a neighbourhood of each of its points, if and only if for each m ∈ O there exists V ∈ V such that m + V ⊆ O (see [37, p. 19, Theorem 3.1] ). We will use the notation M, V to denote the topological structure M, τ with a given fundamental system V of neighbourhoods of zero.
We will mostly deal with topological L-structures M which are expansions of fields. In that case, a topological L-field will be an L ∪ { −1 }-structure and a topological Lstructure in which, in addition, the inverse function −1 is continuous on M \ {0}. This generalizes the well-known notion of topological fields (see [29, p. 28] ). However, note that in [12, p. 120] , the topology in that case is assumed to be a non-discrete topology, but we will not make this assumption here.
Recall that any infinite field K can be endowed with the Zariski topology.
A basis for open subsets of K n , n 1, consists of the sets {x ∈ K n : q(x) = 0}, where q[X] ∈ K[X]. The polynomial maps from K n to K m are continuous, where K n and K m are both endowed with the Zariski topology. Note that the Zariski topology on K n is not Hausdorff and it is not the product topology. A classical example of topological field is a field K with an absolute value |.| taking its values in the positive real numbers (see [29, p. 19] ). One can check that K, +, −, ., −1 , 0, 1, |.| is a topological L rings -field with a fundamental system of neighbourhoods of zero consisting of the set {x ∈ K : |x| < r}; with r varying over the set of strictly positive real numbers.
J. Shafarevic and I. Kaplansky have characterized the topological fields L whose topology is given by an absolute value (see [29, Theorem 4, p . 44]), as follows. Let T be the set of nilpotent elements of L, namely those elements whose powers converge to 0 and let N be the set of elements of L neither nilpotent nor whose inverse is nilpotent. A subset B of L is bounded if for every neighbourhood U of 0 there exists a neighbourhood W of 0 such that B.W ⊆ U.
Then there exists an absolute value on L which determines the topology iff T is open and T ∪ N is bounded.
Note that the condition T ∪ N bounded implies that every element of K can be written as x.y −1 with x, y belonging to a neighbourhood of 0 and y = 0.
Definition 2.1. Given a topological L-field K, V and a neighbourhood V ∈ V, we will say that K is a V -field if every element a of K can be written as a = x.y −1 where x, y ∈ V and y = 0.
When the topology on K is coming from an absolute value, it will allow us to give a more economical axiomatization of the class of existentially closed fields that we will consider in the next section. This will also be relevant in Subsections 2.3 and 2.4.
We will be interested in a certain property of our structures which is best axiomatized in a monadic second-order language L t introduced by T.A. McKee (see [18] ); he restricts L 2 -formulas by imposing that the subformulas are of the form ∃Xψ (∀Xψ) where X only occurs negatively in ψ (respectively positively) and X belongs to τ (see also [12] ). J. Flum and M. Ziegler have shown that L t -sentences have the property that if B 1 and B 2 are two bases for the same topology then M, B 1 |= σ iff M, B 2 |= σ, where σ is an L t -sentence (see [12, p. 6] ).
Note that one may characterize, in the language L t , those topological fields with an order topology (respectively valuation topology) (see [12, p. 123, 126] ). In both cases (at least when v is archimedean), one can define an absolute value which induces the same topology. [23] and Section 9). In particular, he showed that a field K is large if and only if it is existentially closed in the field K((t)) of Laurent series over K (see [23, Proposition 1.1] ) if and only if for all n ∈ N, K is existentially closed in the field K((t 1 )) · · · ((t n )) of iterated Laurent series over K (see [36, Proposition 5.3] ).
Condition C(K). F. Pop introduced the concept of a large field (see
We will consider the case where K is in addition a topological L rings -field; we will show that we can endow K((t)) with a topology in such a way that the topology on K is the induced topology and that we can define on K((t)) an equivalence relation ∼ K of being infinitely close with respect to K (see Lemma 2.6) . We want to encompass the case where K has the discrete topology and K((t)) a valuation topology induced by the canonical valuation map sending K × to 0 and t to 1.
Definition 2.2. Let L, W (respectively K, V ) be a topological L-field, where W (respectively V) is a fundamental system of neighbourhoods of zero (see [37, p. 18] ).
2) For all V ∈ V, there exists W ∈ W such that W ∩ K = V (so, the topology on K is the induced topology (see Definition 7.1 in [10] )).
We will use the notation K, V ⊆ L, W . Now, in order to define our equivalence relation, we will define a certain subset W K of W satisfying condition C(K) below. We will require that the topology induced by W K on K viewed as a subset of L to be Hausdorff; however, in general the topology induced by W K on L will not be Hausdorff. Definition 2.3. Let K, V ⊆ L, W be a pair of topological L-fields. We are going to define a relation ∼ W K on L with respect to a subset W K of W satisfying the following conditions, denoted by C(K):
(1) ∀V ∈ V ∃W ∈ W K : W ∩ K = V (so W K is non-empty); (2) ∀W ∈ W K (W ∩ K) ∈ V; (3) ∀a 0 , a 1 ∈ K ∀V 0 , V 1 ∈ V ∀W 0 , W 1 ∈ W K with
(4) for any n-ary function symbol f ∈ L, if for any V 0 , · · · , V n ∈ V and any a 1 , · · · , a n ∈ K we have f (a 1 + V 1 , · · · , a n + V n ) ⊆ f (a 1 , . . . , a n ) + V 0 , then for any W 0 , · · · , W n ∈ W K with n i=0 (W i ∩ K) = V i , we have f (a 1 + W 1 , · · · , a n + W n ) ⊆ f (a 1 , . . . , a n ) + W 0 ; (5) ∀a ∈ K \ {0}, ∀V 0 , V 1 ∈ V and ∀W 0 , W 1 ∈ W K with 1 i=0 W i ∩ K = V i , if 0 ∈ (a + V 1 ) and (a + V 1 )
Now, let a, b be two elements of L and assume that W K satisfies C(K). Then a and b are infinitely close with respect to W K (a ∼ W K b) iff for any neighbourhood W ∈ W K , we have a − b ∈ W .
First, we will give some examples illustrating the above definition and then we will show that whenever W K satisfies C(K), the relation ∼ W K is an equivalence relation (see Lemma 2.7).
Notation 2.4.
(1) For a subset E of a ring, we put E × := E \ {0}. (2) Let A, +, 0, < be an abelian totally ordered group. Then A + (respectively A + ) denotes the set of elements of A which are strictly positive (respectively positive).
Let K, v be a valued field. We equip this field with a topology τ v by choosing as fundamental system V K of neighbourhoods of zero, the set of {x ∈ K : v(x) > v(a)}, with a ∈ K × (see [12, p. 123] ). Let V K := O K . Let L, w be a valued field extension of K (namely the restriction of w on K is equal to v). Endow L with the valuation topology V L and L is a O L -field. As in the case of ordered fields, we will choose in our applications the set
As a special case of the above examples, let us now consider the field L := K((t)) of Laurent series over K.
First, we will assume that K is a totally ordered field, and we will extend the order to K((t)) by setting t to be an infinitesimally small positive element.
Second, we will endow K((t)) with the discrete valuation v defined by: v( i≥z k i t i ) = z, where k z = 0, i, z ∈ Z (so the induced topology on K is the discrete topology).
In both cases, L is a topological L rings -extension of K and we described above a fundamental system V L of neighbourhoods of zero and a subset W K of V L satisfying C(K). Note that in the second case W K consists of only one element, namely the maximal ideal of O L .
Suppose now that on K we are given a fundamental system V of neighbourhoods of zero such that K, τ is a topological L-field. We consider the field K((t)), v of Laurent series over K as a topological valued field with the discrete valuation v defined above. We want to refine the valuation topology on L := K((t)) in such a way that it induces the given topology τ on K.
We write any element x ∈ L as x = z z 0 x z .t z with z 0 , z ∈ Z, x z ∈ K and x z 0 = 0. We define a fundamental system V L of neighbourhoods of zero in L as follows. It consists of the neighbourhoods of zero either of the form W V,0 := {x ∈ K((t)) : v(x) 0 and x 0 ∈ V }, or W n :={x ∈ K((t)) : v(x) n} with V ∈ V and n ∈ N \ {0}.
More generally, we will consider the iterated Laurent series field extension K((t 1 ))((t 2 )) · · · ((t n )) over K, for some natural number n 1 with a valuation map v taking its values in the lexicographic product Z n of n copies of Z, +, −, <, 0, 1 .
, where the domain of K((Z n )) is the set of elements of the form g∈Z n a g .t g with supp(x) := {g ∈ Z n : a g = 0} is a well-ordered subset of Z n . One defines v as follows v(x) = min(supp(x)). Then we define a fundamental system of neighbourhoods W n of zero as follows:
g} with V ∈ V and g ∈ (Z n ) + . We will denote the corresponding topological structure as
Note that given a neighbourhood V of zero in V, W V,0 is the unique neighbourhood of zero in K((t 1 ))((t 2 )) · · · ((t n )), W n , v , whose trace on K is equal to V .
Assume that K, V be a topological L-field, which is a V -field for some V ∈ V.
We will denote the induced equivalence relation on L by ∼ K . Note also that W V,0 ∈ W K with W V,0 ∩ K = V and t i ∼ K 0, 1 i n.
Proof: First, we have to check that it gives us a field topology (see [12, p. 120] ), and that K((t 1 ))((t 2 )) · · · ((t n )), W n , v is a topological extension of K. Let us show that
It is easy to check items 1, 2 and 3 of Definition 2.3. Let us check item 4. Let
and, similar arguments for · and −1 yield the result.
Let L(K) be the language L extended with constant symbols for the elements of K. In general the equivalence relation ∼ W K will not be an congruence on L; however in the following lemma, we will show a weaker "continuity" property on the L(K)-terms.
be an L(K)-term and let a 1 , . . . , a n be n elements of K.
Then for any V 0 ∈ V, there exist neighbourhoods V 1 , . . . , V n of zero in V such that (1) t(a 1 + V 1 , . . . , a n + V n ) ⊆ t(a 1 , . . . , a n ) + V 0 and,
Proof: Let V 0 ∈ V and n elements a 1 , . . . , a n in K. We proceed by induction on the complexity of the L(K)-term t.
First we may assume that the L(K)-term is of the following form
where f is an m-ary function symbol in L. By continuity of f , there exists n neighbourhoods V i of zero in V (1 i n) such that f (t 1 (a 1 , . . . , a n ) + V 1 , . . . , t m (a 1 , . . . , a n ) + V n ) ⊆ t(a 1 , . . . , a n ) + V 0 .
Applying the induction to the L(K)-terms t i and to the neighbourhoods V i , we get
Now, using item 4 of Definition 2.3, given any
and W j ∩ K = V j (0 i n, 1 j n) and the above equality, we have that
. . , α n + t n ) = 0, and
Since we have t i ∼ W K 0, t i ∈ W i (0 i n) and so we get g(α 0 +t 0 , . . . , α n +t n ) ∈ W .
In addition, if β = 0 then there exits W ∈ W K such that 0 ∈ β + W by item 3 in Definition 2.3 of condition C(K); so we get the result.
We consider the L(K)-term h(x 1 , . . . , x n+1 ) := γ.f (x 1 , . . . , x n+1 )−β.g(x 1 , . . . , x n+1 ). We have h(α 0 , . . . , α n ) = 0 and we proceed as above to get that
Further, applying the preceding Lemma to the
Finally, note that by (1), f (α 0 + t 0 , . . . , α n + t n ) ∈ β + W 2 . We also have that h(α 0 + t 0 , . . . , α n + t n ).β −1 ∈ W 1 , and so h(α 0 + t 0 , . . . , α n + t n ).β
In the following Lemma, we will consider two successive extensions of K, namely let L, W be an extension of K, V and
, then under which conditions does T L satisfy C(K), equivalently when are a, b infinitely close with respect to K?
Proof: Let us check the first condition. Let V ∈ V. Then since
Let a 1 , a 2 ∈ K and
. . , a n ) + T 0 . Finally a similar reasonning for the function symbol −1 yields the result. Now let us investigate how condition C(K) behave under union of chains of topological L-fields.
Before doing that, we need to put some conditions on the elements of a chain of topological L-structures, in order to have that the union of this chain is still a topological L-structure.
Consider a chain K α , V α α<λ , with α, λ ∈ On, λ a limit ordinal, of topological Lstructures with K α+1 , V α+1 a topological L-extension of K α , V α . We will assume that (1) there exists a subset W α+1 of V α+1 satisfying condition C(K α ) for any α < λ. (2) for any limit ordinal µ < λ, a fundamental basis V lim µ of neighbourhoods of zero on K µ is given by
Note that the hypothesis on the topology we put on K µ implies for each n-ary relation R occurring in the language L, the interpretation of R in K µ (respectively of its negation ¬R), is the union of an open subset of K n µ and an algebraic subset. We will denote this compatibility condition by ( * R ) lim .
Lemma 2.11. Given a chain K α , V α α<λ of topological L-structures satisfying the conditions (1) and (2) above, with α, λ ∈ On, λ a limit ordinal. Assume that K λ := α<λ K α is endowed with the fundamental system of neighbourhoods V lim λ and that it satisfies the compatibility condition (
Proof: First we show that K λ , V λ is Hausdorff. Let a, b be in K λ . Then for some µ < λ, we have a, b ∈ K µ . Since K µ is Hausdorff, there are two neighbourhoods
Then by induction on α ≥ µ, we assume that there exist two neighbourhoods
Now we prove that the function symbols are continuous on K λ with respect the topology determined by V lim λ . Let f be a n-ary function symbol in L, let a 1 , . . . , a n be in K λ and let V 0 ∈ V lim λ . So there is some ordinal µ < λ such that a 1 , . . . , a n ∈ K µ and V 0 := α µ V 0,α with V 0,µ ∈ V µ and V 0,α ∈ W α for any α > µ. Now by continuity of f on K µ , there exist V 1,µ , . . . , V n,µ ∈ V µ with f (a 1 + V 1,µ , . . . , a n + V n,µ ) ⊆ f (a 1 , . . . , a n ) + V 0,µ . Then by induction, we assume that for all δ ≥ µ with
. . , n. Or α is a limit ordinal, and we let V i,α := ν<α V i,ν , i = 1, . . . , n and V i := µ α<λ V i,α ∈ V λ , i = 1, . . . , n. By applying item 4 in Definition 2.3, we get that f (a 1 + V 1 , . . . , a n + V n ) ⊆ f (a 1 , . . . , a n ) + V 0 . Now let us consider an element V 0 := W 0 ∈ V. Since any topological L-structure K α+1 satisfies condition C(K α ), we can choose a sequence of elements W α+1 in W α+1 with W α+1 ∩ K α = W α and for a limit ordinal µ ∈ λ, we let
Note that the topology we put on K λ differs from the topology one generally puts on direct limits of topological structures. For instance, in our setting, the embeddings of the K α in K λ are not necessarily continuous.
Proof: Using the Lemma 2.10 and induction on α, we may assume that there exists for every α < µ, W α ⊆ W α satisfying condition C(K 0 ).
Let µ be a successor ordinal, then W µ := {W ∈ W µ : W ∩ K µ−1 ∈ W µ−1 and W ∩ K 0 ∈ V} satisfies C(K 0 ) by Lemma 2.10, replacing in the proof of that Lemma K by K 0 , L by K µ−1 and F by K µ .
If µ is a limit ordinal, then W µ := {W : W ∩ K α ∈ W α ∀α < µ} also satisfies C(K 0 ).
2.3.
Inductive topological classes. Now, we are finally coming to the definition of the (inductive) classes of topological fields we will consider in next section. It can be viewed as an attempt of translating in our topological setting the property of being large.
Recall that an inductive class of L-structures is a class closed by union of chains (see [13] ). In the sequel, we will always be considering inductive classes of topological L-structures defined as follows: Definition 2.13. A class C of topological L-fields is said to be inductive if it satisfies the following properties:
(1) if K, V ⊆ L, W are two elements of C and are V -fields with respect to (2) we assume that the elements of a chain of topological L-fields in C satisfy the conditions (1) and (2) and satisfies the compatibility condition ( * lim R ), for each n-ary relation symbol of L. Notation 2.14. Let W be a neighbourhood of 0 in K. We will denote by
, then f (X) denotes the formal derivative of f with respect to X. Examples 2.16. 1. If K, τ < is a topological L rings ∪ {<}-field, equipped with the order topology, then we will use the fact that it has a real closure which will have the desired property too. Indeed, we use the Taylor expansion of f and the intermediate value property. (Write f (a + h) = f (a) + h.f (a)+ higher order terms and note that for small h in K we get a change of signs). In this case, we may take V =] − 1, 1[ and again the class C < of topological fields equipped with the order topology satisfies Hypothesis (I). We extend the order on the Laurent series field K((t)) by choosing t positive and infinitely small with respect to K >0 for the order topology (namely 0 < t < K >0 ).
2. If K, τ v is a topological L rings -field equipped with the valuation topology, then we may take V = O K and we use the fact that it always has an Henselization (see [29, p. 131] ) which is an immediate extension and satisfies Hensel's Lemma or one of its equivalent form, for instance Newton's Lemma (see [29, p. 98 , 100]) . Denote by C v this class of topological fields equipped with the valuation topology. Then C v satisfies Hypothesis (I) using Taylor expansion and the fact that we can extend the valuation on K to K((t)) such that v(t) > v(c) for any c ∈ K × . 3. Let K be a large field, namely a field where every smooth integral curve defined over K that has a K-rational point has infinitely many K-rational points (see [23, p. 2] ). We assume that K is endowed with a topology τ , for instance the discrete topology, such that K, τ is a topological L-field. Let C be the class of such topological fields. Let us show that C is inductive and that it satisfies Hypothesis (I).
It follows from the definition of "large" that the union of a chain of large fields is a large field.
Let K be a large field; using the property that K is existentially closed in the field of iterated Laurent series over K ([23] Proposition 5.3) and Frayne's Theorem, there exists a non principal ultrapower
, assume that K is endowed with some topology τ . (Note that we always endow K with the trivial valuation v, i.e. any non-zero element of K has value 0 and v(0) = ∞ which induces on K the discrete topology
Recall that L is an Henselian valued field and so, if we can find
. Then we define the following system of neigh-
So the class of large fields satisfies Hypothesis (I).
Let us note that in all these previous classes the conditions 1 and 2 in the definition of inductive classes of topological L-structures are easily checked.
Also, in the above examples, the structureL occurring in Definition 2.15, can be viewed as a model-theoretic completion.
Definition 2.17.
(1) Let K, τ be a topological L-field. A Cauchy sequence in K is a sequence (a µ ) µ<λ of elements of K, indexed by all ordinals less than some ordinal λ, which satisfies:
We say that (a µ ) µ<λ converges to a ∈ K if for every V ∈ V there exists λ 0 such that for any µ λ 0 , a − a µ ∈ V . (2) The topological field K, τ is complete if every Cauchy sequence converges to some element of K.
A special case of this construction in the case of valued fields is the following. Recall that if L, v is a non-trivially valued field with a discrete valuation v and with t ∈ L such that v(t) = 1. Then, L embeds in k L ((t)) and if L is complete, then this is an isomorphism.
More generally any valued field has a completion (see [26, A 4.11] ) and in the case K, v is an archimedean valued field (in other words v takes its values in R (see [29, p. 36] )), this completion is Henselian (see [29, p. 98] ).
In the case of an archimedean ordered field, it has a completion and its completion is real-closed (see Theorem 1.23 in [25] ).
In this section, we will strengthen condition C(K) in order to show that the corresponding equivalence relation ∼ b will be a congruence. This last property will play the role of Lemma 2.9 in the proof of Lemma 3.7 in next section.
We are going to define an equivalence relation
(1) items 1, 2, 3 and 5 of Definition 2.3; (2) for any n-ary function symbol f ∈ L, if for any
Let a, b be two elements of V L , then a and b are infinitely close with respect to
Let K, < ⊆ L, < be two ordered fields with fundamental system of neighbour-
Consider the binary function ., let
On the other hand, assuming that a 1 , a 2 are positive, if we replace
Next, let us consider the example of valued fields. Let K, v ⊆ L, v be two valued fields with a fundamental systems of neigh-
We proceed similarly for the other primitives of the language.
Now we consider a model-complete class C of topological L-fields. We will assume further that the elements K of C are V K -fields where V K is a definable subset of K. We will endow K with the definable topology in the following sense:
A basis V of neighbourhoods of zero in K is determined as follows:
Since the elements of W K are definable subsets of L with parameters in L, using the modelcompleteness of the class C, it is straightforward to check item 2 in Definition 2.18.
Let A be an L-structure. Let L f be the set of all function symbols in L. By a congruence ∼ on a subset S of A, we mean an equivalence relation on S such that for every f (
Proof: First, similarly as in the proof of Lemma 2.7, we get that ∼ b W K is an equivalence relation.
To check that this is a congruence, we have to show that for any n-ary function symbol f ∈ L whenever a 1 ∼
Proof: See [6] .
Differential lifting
In this section, we will consider expansions of topological L-fields to L ∪ { −1 , D}-structures, where D is a new unary function symbol which will satisfy the axioms of a derivation. We shall denote L ∪ { −1 , D} by L D and the i-th iterate D i (x) of the derivation of an element x, by x (i) . Let us first recall some differential algebra terminology (see [14, p. 75] ). In the following, R, D will denote a non-zero differential domain of characteristic 0 and C R will denote the set of elements with zero derivative (i.e. the constant elements). Although in this section, we will only deal with the case when R is a field, we will directly place ourselves in a more general setting that will be used in Section 8.
Definition 3.1. Let R{X} be the ring of differential polynomials over R in one differential indeterminate X over R. Let f (X) ∈ R{X}\R, then we can write f (X) = f * (X, . . . , X (n) ) for some ordinary polynomial f
and some natural number n that we choose minimal such. The variable X (n) is called the leader of f and is denoted by u f ; n is the order of f and deg u f f is the degree of f in u f .
Suppose that f is of order n 1 and degree d, then we can write f as:
. We may extend D on R{X} as usual; we proceed by induction on the order of f . Assuming that D has been extended on elements of order ≤ n − 1, we define
, and we will shorten D(f ) by f (1) .
Let us recall an analog of the Euclidean division in this differential setting. . Let g(X), h(X) be non-zero differential polynomials in R{X}. Then, there exist r(X), and finitely many g j (X) ∈ R{X}, j ∈ J ⊆ N, with the order of r smaller than or equal to the order of h and deg u h h > deg u h r (see Definition 3.1) such that, for some natural numbers n, n ,
The following result can easily be deduced from the preceding Lemma. . Let P be a differential prime ideal of R{X} with P ∩ R = {0}. Let f be a non-zero differential polynomial of minimal order and then of minimal degree belonging to P . Then
where f is the differential ideal of R{X} generated by f .
So we can define the notion of generic polynomial.
Definition 3.4. Let R 1 be a differential domain containing R and let a be in
The set of elements of R{X} vanishing on a is a prime differential ideal of R{X}, denoted by I(a, R), whose intersection with R is {0}. If I(a, R) = {0}, then we say that a is differentially transcendental over R; if I(a, R) = 0, then we say that a is differentially algebraic over R. In this last case, let f be a non-zero element of this ideal which we choose first of minimal order and then of minimal degree; such an element f is a generic polynomial of a over R. When R is a field, we get
and such an element f is unique up to multiplication by a non-zero element of R see [17, Lemma 1.4 ] . Now, we are ready to write down schemes (DL) W , where W ⊆ V, of axioms in the language of (L D ) t expressing the fact that if a differential polynomial while considered as an ordinary algebraic polynomial has a zero then it has a differential zero close (relative to W) to this algebraic zero.
Then we will show that any element of an inductive class C of topological L-fields (see Definition 2.13) satisfying Hypothesis (I) (see Definition 2.15) can be embedded in another element of C satisfying a scheme (DL).
Definition 3.5.
(
There is no requirement of any interaction between the derivation D and the topology τ .
with respect to the product topology of L n+1 . Then we say that L satisfies (DL) V 0 if for every n 1, for every differential polynomial f (X) = f * (X, X (1) , . . . , X (n) ) belonging to V {X} and for every W ∈ V 0,n , the following implication holds:
When each V 0,n is the whole fundamental system of neighbourhoods of0 ∈ L n+1 with respect to the product topology of L n+1 , we shall not put any subscript at (DL).
Remark 3.6. Note that we could have added in the definition of the scheme (DL) V 0 the requirement that f is irreducible (which is expressible by first-order statements in the language L rings ). Anyway, if f (c) = 0, s f (c) = 0 ( ) for an element c ∈ V and f = g.h, then one of the factors of f satisfies ( ). Moreover, multiplying f by a non-zero element of V , we may assume that each of the factors have coefficients in V . Then g or h will have order n and satisfies the hypothesis ( ). If we apply the scheme (DL) V 0 to one of these polynomials then f will satisfy the conclusions of the scheme (DL) V 0 . Lemma 3.7. Let C be an inductive class of differential topological L-fields satisfying Hypothesis (I). Let K, V be a V -field in C and f (X) ∈ V {X} be of order n. Suppose that f * (α 0 , . . . , α n ) = 0 with α 0 , . . . , α n ∈ V and s f * (α 0 , . . . , α n ) = 0. Then there exists a differential topological L-extension L, V ∈ C of K, V satisfying the following properties:
Proof: Let us consider the topological L rings -extension
6. Note that the elements t i 's are algebraically independent over K. Let c i = α i + t i for i ∈ {0, . . . , n − 1}; we have that c i ∼ K α i (see the notations in Lemma 2.6). Assuming f * (α 0 , . . . , α n ) = 0, s f * (α 0 , . . . , α n ) = 0 (so s f * 2 (α 0 , . . . , α n ) = β ∈ K × ) and t 0 , · · · , t n−1 ∼ K 0, Lemma 2.9 yields that
n . Now, we may apply Hypothesis (I). So there exists an L rings -extension L, V ∈ C of K 1 which satisfies the following properties:
L is a W -field for some W ∈ W with W ∩ K = V and, (4) there exists an element c n ∈ W which satisfies f * (c 0 , . . . , c n−1 , c n ) = 0 and
We first extend the derivation to the algebraic closure L 1 of K 1 in L. We can choose a transcendence basis of L over L 1 and extend D on this basis. Finally we extend again the derivation to the algebraic closure.
Since any derivation D of K 1 uniquely extends to L 1 then, in order to make L 1 a differential L-extension of K, we only need to extend the derivation of K to K 1 . This can be done by setting D(c 0 ) = c 1 , . . . , D(c n−1 ) = c n , the derivative D(c n ) is then uniquely determined by the equation f * (c 0 , . . . , c n ) = 0 since the separant s f is non-zero at c 0 .
. Now, if we evaluate this differential polynomial at c 0 , since s f (c 0 ) is non-zero, we
Let us note that if g(X) = g * (X, . . . , X (m) ) is a differential polynomial with n m and g * (α 0 , . . . , α m ) = 0 then applying again Lemma 2.9, we have the following additional property:
. . , α m ) and g(z) = 0.
Corollary 3.8. Let C be an inductive elementary class of differential large fields. Let K ∈ C and let f (X) ∈ K{X} be of order n. Suppose that f * (α 0 , . . . , α n ) = 0 with α 0 , . . . , α n ∈ K and s f * (α 0 , . . . , α n ) = 0. Then, there exists z ∈ K 1 := K((t 0 )) · · · ((t n−1 )) and a derivation D on K 1 such that f (z) = 0, s f (z) = 0 and n i=0 z (i) ∼ K α i . So, in particular given any polynomial q(X) ∈ K{X} of order ≤ n, if q * (ᾱ) = 0, then q(z) = 0.
of K, V as defined in Lemma 2.6. Note that the elements t i 's are algebraically independent over K. Let c i = α i + t i for i ∈ {0, . . . , n − 1}; we have that c i ∼ K α i (see the notations in Lemma 2.6). Assuming f
The field K 1 is Henselian and so there exists an element c n ∈ W which satisfies f * (c 0 , . . . , c n−1 , c n ) = 0 and s f * (c 0 , · · · , c n ) = 0 such that c n − α n ∼ K 0. To extend the derivation of K to K 1 , we proceed as before: we set D(c 0 ) = c 1 , . . . , D(c n−1 ) = c n , the derivative D(c n ) is then uniquely determined by the equation f * (c 0 , . . . , c n ) = 0 since the separant s f is non-zero at c 0 .
Proposition 3.9. Let C be an inductive class of differential topological L-fields, satisfying Hypothesis (I) and let K, V ∈ C be a V -field. Then K has a differential topological L-extension K, V ∈ C satisfying the scheme (DL) b V . Proof: Let f (δ) (X) δ∈λ be an enumeration of differential polynomials with order n(δ) in V {X}, for some ordinal λ. By transfinite induction we build an increasing sequence
β n(δ) ) = 0 for some ordinal λ(δ). Using Lemma 3.7, we build an increasing sequence
). Assume that K (δ,β) has been contructed and consider the elements α β 0 , . . . , α β n(δ) ∈ V . By Lemma 3.7, there exists a differential topological L-extension K (δ,β+1) of K (δ,β) , V (δ,β) which satisfies the following properties:
V (δ,β) and, (3) there exists z ∈ V (δ,β+1) satisfying the following f (δ) (z) = 0 and s f (δ) (z) = 0 and
Then we let K 1 , τ 1 be the differential topological V 1 -field δ<λ K (δ,0) , V 1 in C where V 1 and W 1 are as defined in Corollary 2.12 and satisfy the following properties:
•
• for any natural number n 1, for any differential polynomial f of order n with coefficients in V , we have if f * (α 0 , . . . , α n ) = 0 and s f * (α 0 , . . . , α n ) = 0 for some α 0 , . . . , α n ∈ V then there exists z ∈ V 1 satisfying the following f (z) = 0 and s f (z) = 0 and
Let us check that K 1 is a V 1 -field which satisfies the scheme (DL) W 1 with respect to differential polynomials in V {X}.
Since any element of K 1 belongs to some K (δ,0) and since
Then it belongs to some V (δ,0) {X}. We may assume that it has an algebraic solutionᾱ in V (δ,0) .
Let W ∈ W 1 , so W ∩ K (µ,0) ∈ V (µ,0) for any µ < λ and W ∩ K (α,0) ∈ W (α,0) for any λ > α > µ, by construction of W 1 in Corollary 2.12. By construction of the extension K (δ+1,0) , it has a differential solution z such that
We iterate this process replacing K := K 0 by K 1 and V := V 0 by V 1 . So, we obtain a sequence of differential topological L-extensions K n , V n n∈ω , each K n+1 is a V n+1 -field, satisfying the scheme (DL) W n+1 with respect to V n {X}, where V n+1 ∈ W n+1 ⊆ V n+1 satisfying condition C(K n ). Now K, V , where K := n∈ω K n and V := { n 0 n∈ω V n : V n 0 ∈ V n 0 V n+1>n 0 ∈ W n+1 and V n+1>n 0 ∩ K n = V n , n 0 ∈ ω}, will be the desired differential topological L-extension of K (see Corollary 2.12).
Let V := n V n . Then K is a V -field and it satisfies the scheme (DL) b V . Let us check this last assertion. Let f ∈ V {X}, let W ∈ V, then for some n 0 ∈ N, f ∈ V n 0 {X} and W = V n 0 ∪ n>n 0 W n with W n ∈ W n and W n+1 ∩ K n = W n , n > n 0 . Since K n 0 +1 satisfies (DL) W n 0 +1 , given W n 0 +1 , there exists a differential solution close to the algebraic solution in W n 0 +1 .
In view of Corollary 3.8, we define a scheme (DL) Z as follows.
Definition 3.10. A differential field (K, D) satisfies (DL) Z if for any f (X) ∈ K{X} of order n such that f * (α 0 , . . . , α n ) = 0 for some α 0 , . . . , α n ∈ K and s f * (α 0 , . . . , α n ) = 0. Then, there exists z ∈ K such that f (z) = 0, s f (z) = 0 and for any polynomial q(X) ∈ K{X} of order ≤ n, if q * (ᾱ) = 0, then q(z) = 0.
Corollary 3.11. Let C be an inductive elementary class of differential large fields, satisfying Hypothesis (I) and let K, V ∈ C. Then K has an L-extension K, V ∈ C satisfying the scheme (DL) Z .
Lemma 3.12. Let K, V be a differential topological L-field which is a V -field and which satisfies the scheme (DL) then (1) for any non-zero natural number n, given any neighbourhood of zero W in V and a ∈ V , there is an element b ∈ W such that b (n) = a. In particular K has a non-zero derivation, (2) the field of the constants C K is dense in V ,
Proof: To show the first assertion, we apply the scheme (DL) to the differential polynomial f (X) := (X (n) − a), a ∈ V , n ∈ N \ {0}. Let (0, · · · , 0, a) be the corresponding algebraic zero of f * , and s f = 1. Therefore, for any W ∈ V, there exists z ∈ W with z (n) = a. When n = 1 and a = 0, this shows in particular that K has a non-zero derivation.
Then, to show that C K is dense in V , we apply the scheme (DL) to the differential polynomial X (1) . For each a ∈ V , it has an algebraic zero of the form (a, 0) and s X (1) = 1. So, we obtain in each neighbourhood W ∈ V an element z with z − a ∈ W and z (1) = 0. Finally, let f (X 1 , · · · , X n ) be a differential polynomial with coefficients in V vanishing on K. Let m i be the order of X i in f and set N := n i=1 m i . Consider the differential polynomial g(X) := X (N +1) . By the way of contradiction assume that f * does not vanish on V , namely that for somek ⊆ V , f * (k) = 0. But, (k, 0) is an algebraic solution of g * . By the scheme (DL), for any W ∈ V, there exists c ∈ V with N i=0 (c (i) − k i ) ∈ W and c (N +1) = 0. By continuity of the ring operations and of the scalar multiplications by elements of K, we may choose W sufficiently small such that f (c, . . . , c) = 0.
In the next three statements, we will transfer the results we have for V (respectively V {X}) to K (respectively K{X}), using algebraic manipulations. Corollary 3.13. Under the same hypotheses as in the previous lemma, the subfield of the constants C K is dense in K.
Proof: Let a be in K \ {0}. Let W be any neighbourhood of 0 in V, then we will show that there is an element b ∈ C K such that a − b ∈ W . Since K is a V -field, we can write a in the form a =
By item 2 of Lemma 3.12, there exist c 1 , c 2 ∈ C K \ {0} such that (c 1 − u 1 ) and (c 2 − u 2 ) belong to W 0 .
Thus we obtain
In the next proposition, we will show that the scheme (DL) may be extended to K itself. Proposition 3.14. Let K, V be a differential topological L-field which is a V -field and which satisfies the scheme (DL) V 0 . Let f (X) := f * (X, . . . , X (n) ) be a non-zero differential polynomial of order n in K{X}. If there exists a 0 , . . . , a n ∈ K such that f * (a 0 , . . . , a n ) = 0 and s * f (a 0 , . . . , a n ) = 0 then, for any W ∈ V 0,n , there exists b ∈ K with f (b) = 0 and s f (b) = 0 such that
In the same way, we write a i ∈ K as a i0 .a i1 −1 where a i0 ∈ V , a i1 ∈ V × and we set d :
We obtain:
Moreover, we have
Since, for all i ∈ {0, . . . , n}, d · a i ∈ V , we can apply the axiom (DL) V 0 . We find, for all neighbourhoods of the form d.W with W ∈ V, an element b of V which satisfiesf (b) = 0 and sf (b) = 0 such that (b
In the same way,
Corollary 3.15. Assume that K satisfies the same hypothesis as in the above Proposition. Let f (X 1 , · · · , X n ) be a differential polynomial with coefficients in K. Suppose that f vanishes on K, then f * vanishes on K.
Proof:
We argue by the way of contradiction. Letk ⊆ K be such that f * (k) = 0. As in the proof of the preceding proposition, we find d ∈ V × ∩C K such thatk ·d ⊆ V and
where N is some non-zero natural number andf is a differential polynomial with coefficients in V . By the item 3 of Lemma 3.12, there is an element a ∈ K such thatf (a, . . . , a) = 0, which implies that f (a · d −1 , . . . , a · d −1 ) = 0, a contradiction.
Since no non-zero polynomial of the form f * vanishes on a field of characteristic 0, the above corollary implies that D is independent over K (see [14, p. 97 ]) (D is said to be independent on a differential field K if 0 is the only differential polynomial vanishing on K). This will entail that any finitely generated differentially (separable) extension of K is generated by a single element (see [14, Proposition 9] ). We will use these properties in Section 8 (the section about model-companions).
We will generalize the above Corollary besides atomic formulas, as follows. 
Proof: Let m(j) be the formal order x j in φ and consider the formula φ(x) ∧ belongs to O and so we get a solution to our formula φ.
Model-completion
In this section, in order to get results about the existence of model-completions for theories of differential topological L-fields, we will add the hypothesis that the topology is first-order definable.
Let L be the language L rings ∪ {R i ; i ∈ I} ∪ {c j ; j ∈ J} where the c j 's are constants and the R i are n i -ary predicates.
if there is a formula φ(x,ȳ) such that in any K elementarily equivalent to K, the set {x ∈ K : K |= φ(x,ā),ā ⊆ K } can be chosen as a basis of neighbourhoods of 0 in K .
Note that our notion of topological L-fields satisfying Hypothesis (D) is equivalent to the notion of topological structures used by A. Pillay in [21] . Further, note that if we had only required the above condition on K, it would have held in any topological L-field L t -elementarily equivalent to K.
Let T be an universal L ∪ { −1 }-theory of topological L-fields of characteristic zero which satisfies Hypothesis (D). Let r i,k , s i,l ∈ K[X 1 , · · · , X n i ] be such that every relation R i (respectively its complement ¬R i ), with i ∈ I, is interpreted in any model K of T , as an union of an open set O R i (respectively O ¬R i ) and an algebraic subset {x ∈ K n i :
Note that these conditions on the language are much alike the ones used by L. Mathews (in [15] ) and already appeared in the special case of real-closed rings (see [9] ).
Assume Proof: We will apply Blum's criterion for the existence of a model-completion (see [32, Theorem 17.2 
]).
First, let us check that any model K 0 of T D embeds into a model of T * c,D . Since T has T c as model-completion, we embed K 0 into a model K 1 of T c . Moreover, we may always assume that K 1 is a differential extension of K 0 by extending the derivation D defined on K 0 ; first, to the relative algebraic closure K 0 of K 0 and then, on a transcendence basis of K 1 over K 0 and finally, again to the relative algebraic closure.
Then, using Proposition 3.9, we embed K 1 into a model K 2 of T c,D which satisfies the scheme (DL).
Then, given K 0 a model of T D , and two L D -extensions; on one hand a 1-extension K 0 c which is a model of T D and on the other hand
In order to obtain an L D -embedding, we have to show that any set of open L Dformulas belonging to the 1-type t(c, K 0 ) of c over K 0 is finitely satisfiable in K (we use that K is |K 0 | + -saturated). Since T c admits quantifier elimination (as the model-completion of a universal L ∪ { −1 }-theory (see [32, Theorem 13 .2])), we only need to consider conjunctions of basic L D -formulas of t(c, K 0 ); namely the formula L rings -field, using the continuity of the field operations (for the inverse operation away from 0), we get that if the tuple (z,
(2) Now, we have to determine suitable neighbourhoods of (d 0 , · · · , d n ) which will enforce that any element in these neighbourhoods also satisfies the second sort of formulas. Given any relation R i or ¬R j , we have to distinguish two cases: either, in case of R i (the other case is similar) k r i,k (p 1,j (c), · · · , p n j ,j (c)) = 0 in which case we add the corresponding system of differential equations to ψ 1 (x); or the tuple (p *
In this last case, again, we have to use the continuity of the field operations to find an open subset O i ofd in K n such that its image by the rational mapx → (p *
In the following Corollary, we generalize the transfer result of the non independence property from RCF to CODF due to C. Michaux and C. Rivière (see Theorem 2.2 [20] ). (For a reference about the independence property, see [24] Chapter 12, section 4). 
n and since M ⊆ M * and T c is model-complete, then M |= I * n , a contradiction.
Applications to topological fields with an absolute value.
The examples we are going to consider will be either non-archimedean fields with the order topology or fields with a valuation topology. In both cases, the topology will be first-order definable, and so Hypothesis (D) will hold. In the first case, we will add an order to the field language and in the second case, instead of adding a valuation map, we will use a linear divisibility relation, that we introduce below. D(a, b) implies D(a.c, b.c), and  either D(a, b) or D(b, a) . 
The corresponding valuation v D on F rac(A) is defined by: for any a, b ∈ A,
We have a bijection between the set of l.d. relations and the set of valuation rings of F rac(A). So any field with a l.d. relation can be endowed with a valuation topology. Let L:=L f ields ∪{D}∪{d} and let V F 0 be the L-theory of non-trivially valued fields of equicharacteristic zero (i.e. ¬D(d, 1) belongs to V F 0 and so, V F 0 is a universal L-theory). In a non-trivially valued field K, the l.d. relation D(x, y) defines a set in K 2 which is the union of an open set and {(0, 0)}. Then ACV F 0 is the L-theory of algebraically closed non-trivially valued fields of equicharacteristic zero and it is model-complete (see [30] ), moreover using prime extensions, it is easy to see that it admits quantifier elimination in L D (see [16, p. 83] ). In this case, Hypothesis (I) is satisfied (see Examples 2.16) since a model of ACV F 0 is Henselian.
So we get the following corollary to Theorem 4.2.
Note that a model of ACV F * 0,D is in particular a differentially closed field of characteristic zero.
Using Corollary 4.3, a result of L. Bélair (see Corollaire 7.5 in [5] ) and the fact that the theory of algebraically closed fields is stable, we get ACV F * 0,D has N IP . Recall that a p-valued field K of p-rank d (d ∈ N) with p a prime number, is a valued field K of characteristic 0, residue field of characteristic p and the dimension of O K /(p) over the prime field In order to apply our results, we need to check that the predicate P n defines an open subset union an algebraic set (in this case a finite set) as well as its negation in any model K of pCF d . Let us denote by P × n the set of non-zero n-th powers in K × . Then, one can find an integer r n such that ∀x = 0 ∀y = 0 ( Thus, we get the following corollary to Theorem 4.2. Let RV F be the L-theory of real-closed valued fields, namely the theory OV F together with axioms of real-closed fields. Note that an L-substructure of a model of RV F is a model of OV F .
The theory RV F is model-complete. Indeed, a real-closed valued field is a Henselian valued ordered field with a real-closed residue field and divisible abelian totally ordered group (see [8, Theorem 3] ). Since the theory of real-closed field RCF and the theory of divisible totally ordered groups are model-complete and complete, the Ltheory RV F is model-complete and complete by Ax-Kochen-Ershov Theorems (see [8, Theorems A and B] ) (note that the order in a real-closed field is existentially definable).
Then, we show that any L-substructure of a model of RV F has a prime extension and so RV F is the model-completion of OV F (see [32] ). Let K be a model of OV F . Let K be the real-closure of K and let A be the convex hull of O K in K. Then A is a valuation ring of K and its maximal ideal M A is such that M A ∩ O K = M K (see [3, Lemma 1.1, Lemma 1.8 and its proof]) and so K is an L-extension of K, satisfying RV F (see [8, Theorems 1 and 2] ).
Therefore, we get the following corollary of Theorem 4.2.
Let us note that any model of RV F * D is a closed ordered differential field as defined in [35] .
Since the theory of real-closed fields has N IP (see [22] ), by Corollary 4.3 and Corollary 7.5 in [5] , we get that RV F * D has N IP .
Hilbert's Seventeenth Problem for differential p-adically closed fields
Let p be a prime number, let d, f be positive natural numbers. Let K, v be a differential p-valued field of p-rank d where
Let π belonging to K be such that v(π) is the least positive element of the value group.
Set q = p f and let γ(X) :
] be the π-adic Kochen operator. [28, Theorem 6.15] ).
Denote by K X := K X 1 , . . . , X n the field of differential rational functions in n indeterminates. Assume now that K, v is a differential p-valued field of p-rank d with valuation v and derivation D. Then we can extend the valuation and the derivation on K X in such a way it becomes a differential p-valued extension of K of p-rank d. Note that to check this statement it suffices to do it for the field of differential rational functions in one indeterminate X.
In Definition 3.1, we already showed how to extend D on K{X}. Then, for any elements f (X), g(X) ∈ K{X}, we define as usual
]), then we go to the fraction field and then, we iterate considering first the polynomial ring K(X)[X (1) ]. Finally, we will get that w :
where Z N is the set of sequences of elements in Z, with finite support, indexed by N and that w is a p-valuation of the same p-rank as v.
Before recalling the analogue of the Hilbert's Seventeenth Problem for p-adically closed fields of p-rank d, we need to introduce the following notation.
Let L, v be a p-valued extension of K, v . 
The quotient field of R L is the field generated by K and γ(L) \ {∞} and by Merckel's Lemma (see [28, Appendix] 
Now, let us state and prove the differential case using the technology of Section 3 and the following result on holomorphy rings. 
belongs to the γ-Kochen ring R K X of K X over K.
Proof: Let us assume that f g / ∈ R K X . Then, by Theorem 6.3, there exists one p-valuation w of p-rank d of K X extending v over K such that w( f g
) < 0. We have:
where f * , g * are the usual polynomials corresponding to f and g. Then, using the fact that pCF d is the model-completion of T d , we embed K X in a differential padically closed field of p-rank d. So, since K satisfies the scheme (DL), we use the model-completeness of pCF d and apply Lemma 3.17. So, we get a contradiction with f g integral definite.
A theorem of differential transfer
In this section, we will prove a differential analogue of Ax-Kochen-Ershov Theorem for differential Henselian valued fields satisfying the scheme (DL) (with respect to the valuation topology). We shall use the following "existentially closed (e.c.)" version of this theorem, which can be found in [27, Section 1].
Section 8 is devoted to the proof of a differential transfer result of model-completeness for theories of topological fields, using a stronger version of the scheme (DL). Note that here, we just need the (weaker) scheme (DL) to get Theorem 7.3.
Let K 1 , v 1 be a Henselian valued field of equicharacteristic zero and K 2 , v 2 a valued field extension of K 1 , v 1 . Assume that (1) k K 1 ⊆ e.c. k K 2 in the language of fields and,
) in the language of totally ordered groups. First we translate Lemma 3.13 for topological fields endowed with a valuation topology:
Lemma 7.1. Let K, v be a differential valued field which satisfies the scheme (DL).
Then we have v(K
e. the value group is the set of values of the constant field C K .
Proof: Let α be in v(K × ) and let c be an element of K × of value α. We apply the scheme (DL) to the differential polynomial X (1) (its separant is 1) at the point (c, 0) for the neighbourhood {x ∈ K|v(x) > α} of 0. So we get a constant
is actually used in [33] (where there is a stronger interaction between the derivation and the valuation). Now we are ready to prove the differential version of the Ax-Kochen-Ershov Theorem for differential valued fields satisfying the scheme (DL). Theorem 7.3. Let K 1 , v 1 be a differential Henselian valued field of equicharacteristic zero which satisfies the scheme (DL) and let K 2 , v 2 be a differential valued extension of K 1 , v 1 such that
Proof: We closely follow the proof of the Ax-Kochen-Ershov Theorem given in [27, Appendix] . For convenience of the reader, we reproduce the proof here. As in [27] , we can reduce to the following situation:
is torsion-free. Using the existential version of Frayne's Theorem,
We then proceed in three steps.
Note that, without loss of generality, we may assume that K 2 , v 2 is also Henselian. Otherwise we take the Henselization of K 2 inside K and the hypotheses are still met since the Henselization is an immediate extension.
Step 1 : In this step we extend the embedding of K 1 , v 1 into K, v (which is the identity) to a differential valued subfield of K 2 , v 2 which has residue field k K 2 . Suppose that K, v is a maximal differential valued subfield of
We identify K, v with its image and K is Henselian.
If k K k K 2 , we let 0 =x ∈ k K 2 \ k K , for some x ∈ K 2 , and consider two cases, both leading to a contradiction to the maximality of K, v .
Case 1:x is algebraic over k K . This case is similar to Case 1 in [27] . In addition, we use that the derivation extends in a unique way to an algebraic extension since we are in characteristic zero.
Case 2:x is transcendental over k K . By hypothesis and Lemma 7.1, we can choosẽ x ∈ C K 2 and x ∈ C b K preimages ofx respectively. We conclude as in [27] to obtain a contradiction.
Step 2 : In this step we extend the above embedding further to a differential valued subfield of K 2 , v 2 with value group v(K
is torsion-free. Such differential subfield exists by Zorn's Lemma and is Henselian. We identify K, v with its image. Assume that v(K
, we can take x ∈ C K 2 having value α (and x is transcendental over K) (*).
Assigning the value α to x defines a unique extension of O K to the differential rational function field K x which coincides with the rational function field K(x).
From K(x), we now pass to a valued algebraic extension (and so, differentially alge- 
⊕ Zα for some prime q ∈ N, we choose y ∈ K 2 having value δ and a ∈ K x having value q.δ. Then y q .a −1 is a unit in O K 2 . Since k K 2 = k K x , we find a unit e ∈ K x such that y q .a −1 .e −1 is the unity of k K 2 . Since char(k K 2 ) = 0, Hensel's Lemma gives us a q-th root of y q a −1 .e −1 in K 2 . Thus, a.e = z q for some z ∈ K 2 . So the value group of the differential valued field K x, z contains δ. Transfinite repetitions of this procedure (or simply an application of Zorn's lemma) yield an algebraic extension (so a differential extension) K , v of K x of the desired nature. It remains to find an
+ -saturated, it is sufficient to find an L D -embedding into K, v for every differential subfield of K , v finitely differentially generated. It follows that K , v admits an L D -embedding into K, v . Therefore, we may assume that K , v itself is a finitely differentially generated field extension of K, v .
We may assume that K is of the following form K x; x i : i < n where x ∈ C K 2 and is algebraically transcendental over K and the x i 's are algebraic over
. We choose y in K such that v(y) = β. As in the proof in [27] , we can embed K as an L-structure. We are going to use this embedding to find an element y in K such that K y is isomorphic to K y as L D -structures. So, since K , v is an immediate extension of K y and the derivation extends uniquely to an algebraic extension (we are in characteristic zero), the uniqueness of the Henselian closure yields an L D -embedding of K , v into K, v . Thus K, v would not be maximal with
We consider the L D -quantifier-free type t(y/K) of y over K and we want to find an element y in K such that y satisfies t(y/K).
Since K is |K 2 | + -saturated, it is sufficient to show the finite satisfiability of this type. We easily conclude by the following argument: we use the fact that K y ⊆ K which embeds in K as a non differential valued field and since K, D, v satisfies the scheme of axioms (DL), we finish along the lines of the proof of Theorem 4.2 by using Proposition 3.14.
Step3 : Let finally K, v be a maximal differential valued subfield of
We identify K, v with its image. Clearly K, v is Henselian. Using again char(k K ) = 0, we see that K is relatively algebraically closed in K 2 . Every element x ∈ K 2 \ K would be transcendental over K. We consider the quantifier-free differential valued type t(x/K) of x over K and we want to find an element x in K satisfying this type and so, we can L D -embed K x into K sending x to x. Since K is |K 2 | + -saturated, it is sufficient to show the finite satisfiability of the type t(x/K). Take a finite conjunction of formulas in t(x/K) and denote it by θ(x, k) for some elements k in K. Since the value groups and residue fields of K, v and K 2 , v 2 are the same, we obtain by the non-differential version of Ax-Kochen-Ershov Theorem that K, v ≺ L K 2 , v 2 . So, since K 2 |= ∃ y θ * ( y, k), we get that K |= ∃ y θ * ( y, k) and so does K, where θ * is the non-differential formula corresponding to θ. Moreover, since K, v satisfies the scheme of axioms (DL), we proceed as in the proof of Theorem 4.2 to find an element y ∈ K such that K |= ∃ y θ( y, k).
Thus we obtain a contradiction leading to K = K 2 .
Remark 7.4. Thanks to the differential transfer theorem we can reprove the modelcompleteness of some theories of differential valued fields. Indeed we have seen that the scheme (DL) implies that the set of values of the constant field is the whole value group. For example, in Section 5, we proved that the theories ACV F * 0,D and RV F * D are model-complete. It can easily be deduced from the previous result since in both cases the theories of the residue field and of the value group are model-complete.
On one hand, we get that the theory of algebraically closed fields and the theory of real-closed fields are model-complete in the language of fields and on the other hand that the theory of totally ordered divisible abelian groups is model-complete in the language of totally ordered groups.
Let T r be a model-complete L f ields -theory of fields of characteristic zero and let T g be any model-complete theory of totally ordered abelian groups (in the language of totally ordered abelian groups). We are going to build a differential Henselian
Then, by our previous theorem, the L D -theory of such differential Henselian valued fields will be model-complete.
Let K be a model of T r , let G be a model of T g . Let L := K((G)) be the generalized power series field over K; L is an Henselian valued field with residue field K and with value group G (see [34, Theorems 6, 7 p . 45]). Let D be any derivation on L.
The class C of Henselian valued fields whose residue fields are models of T r and value groups are models of T g , is L-elementary and inductive.
Let us show that we can embed
then L satisfies the conclusion of Lemma 3.7 (we replace Hypothesis (I) by Newton's Lemma using the fact that L is Henselian). Then, we proceed as in the proof of Proposition 3.9, we embed L in an element L of C satisfying the scheme (DL).
Model-companion
Let T be an L ∪ { −1 }-theory of topological L-fields of characteristic 0, satisfying Hypotheses (I) and (D). Assume moreover that each relation R in the language L satisfies the topological hypothesis of Section 4 and that T is a model-complete L ∪ { −1 }-theory. In this section, we will show that, under the above hypotheses, the model-companion of the L D -theory T D exists. This last result will allow us to re-obtain some of the results that have already appeared in [36] , for instance the application to pseudo-finite fields (see Section 9) . The main technical difficulty is that instead of considering only 1-extension, as in the case of model-completion, we will have to deal with finitely differentially generated extensions.
For this reason we need to introduce a more general version of the scheme of axioms (DL) which consider differential polynomials in several differential indeterminates. Definition 8.1. Let K, D be a differential topological L-field of characteristic zero satisfying all the previous hypotheses (in particular, K is a V -field).
We will say that K satisfies (DL) ω if for any natural number n 1, for
is the separant (resp. the initial) of f considered as a differential polynomial in X 1 over the differential polynomial ring K{X 2 , . . . , X n }.
Note that for differential polynomials in one inderterminate the scheme (DL) ω is equivalent to the scheme (DL). Further, note that Remark 3.6 also holds in the case of the scheme (DL) ω .
Before proving our principal result we need the analog of Proposition 3.14 in this new setting. Lemma 8.2. Let K be a differential topological L-field which is a V -field, satisfying the scheme (DL) ω . Then K satisfies the following scheme of axioms: 
The proof of this first step is similar to the proof of Lemma 3.7. First we consider an L-elementary sufficiently saturated extension K of K and letV ⊆ K be such that V ∩ K = V . In the neighbourhoodV of K, we consider a set T of n i=2 M i + 1 algebraically independent elements over K which are also infinitesimals with respect to K, say T = {t i j : i = 2, . . . , n, j = 0, . . . , M i }. We define a derivation D on the field L := K(T ) which extends the derivation D on K and then we extend as usual this derivation to K. To define D on L, we proceed as follows
Now we follow the proof of Lemma 3.7 with the polynomial d·f
. . ,ᾱ n ). Finally, by using this first step, we can transpose the proof of Proposition 3.9 in order to show that K has an L-elementary differential extension L which satisfies the scheme of axioms (DL) ω .
By the saturation hypothesis, it suffices to L D -embed any L D -substructure of K 1 which is finitely generated over K. By Corollary 3.15, we know that D is independent on K, therefore, by using [14, Theorem 4, p. 105 and Proposition 9, p. 103], we may assume that the differential field K 1 is generated by n elements, say c 1 , · · · , c n , such that:
• c 2 , · · · , c n are differentially algebraically independent over K (see [14] p. 69) and, • either c 1 is differentially algebraic over K{c 2 , · · · , c n }, or c 1 , · · · , c n are differentially algebraically independent over K. By hypothesis, we already have that K ⊆ e.c. K 1 as L-structures and we wish to show that it remains true as L D -structures. So we have the following L-embedding j: K 1 → K, where j is the identity on K.
In the course of this proof, forb := (b 1 , · · · , b ) ∈ K , we will abbreviate the property that for any neighbourhood W 1 × · · · × W ofb (in K ), there exists z such that
, by: "there exists z such that z ∼b".
In order to obtain an L D -embedding of K 1 := K c 1 , . . . , c n into K over K, we consider the n-type t(c, K) ofc = (c 1 , . . . , c n ) over K. It suffices to show that the type t(c, K) is finitely satisfiable in K and then by saturation, we get the required
be an open L D -formula with parametersā in K which belongs to t(c, K). We may assume that the corresponding definable set in K n consists of the union of an open set and an algebraic set, where the open set O is defined by a conjunction of basic formulas j∈J φ j (x) and the algebraic set is defined by i∈I f i (x,ā) = 0.
If c 1 , . . . , c n are differentially independent over K then we may apply Lemma 3.17 directly. So we may assume that c 2 , · · · , c n are differentially independent elements over K, c 1 is differentially algebraic over K{c 2 , . . . , c n } and the elements c 1 , . . . , c n occur non-trivially in the equations.
By the model-completeness of the L-theory T , we can find tuplesb 1 , · · · ,b n in K satisfying the corresponding non-differential quantifier-free formula φ * (see Definition 3.16).
In the case n = 1, we proceed as in the proof of Theorem 4.2, using the generic polynomial of c 1 over K and the scheme (DL) ω associated to this polynomial.
Assume now that n 2. Let h 1 be a generic polynomial of c 1 over K{c 2 , . . . , c n } and denote by s h 1 its separant and by i h 1 its initial (see Definition 3.1). We will need the following observation which uses the analog of Euclid algorithm in this differential setting (see Lemma 3.2 with R := K{X 2 , · · · , X n }).
Observation: Let g(X 1 , X 2 , · · · , X n ) be a non-zero differential polynomial in K{X 1 , X 2 , · · · , X n } and assume that g(c 1 , · · · , c n ) = 0. Then, there exists r(X 1 , X 2 , · · · , X n ) ∈ K{X 1 , X 2 , · · · , X n }, with r of order smaller than or equal to the order of h 1 with respect to X 1 , with in addition deg u h 1 h 1 > deg u h 1 r (see Definition 3.1) such that
for some g j (X 1 , X 2 , · · · , X n ) ∈ K{X 1 , X 2 , · · · , X n } and for some natural numbers n 1 , n 1 .
Since r(c 1 , · · · , c m ) = 0 and deg u h 1 h 1 > deg u h 1 r, we get that deg u h 1 r = 0. Therefore, since c 2 , · · · , c n are differentially algebraically independent over K, r(X 1 , X 2 , · · · , X n ) = 0.
So we need to find a differential solutionz := (z 1 , . . . , z n ) ∈ K n of f such that
• i f (z) = 0 and s f (z) = 0 and, • z i ∼b i for i = 1, . . . , n.
If we find such a solutionz ∈ K n then by the Observation, we get f i (z,ā) = 0; and the propertyz ∼ (b 1 , . . . ,b n ) gives us thatz ∈ O (we also use the continuity of polynomials to determine the open set which is convenient in the statement with ∼); proving that K |= φ(z,ā). D is model-complete, we may assume that σ is of the form ∃x θ(x), where θ is a quantifier-free formula. Let us show that if K |= σ, then L |= σ.
Letā ⊆ K be such that K |= θ(ā). Let K 1 := Q ā be the differential subfield of K (differentially) generated byā. Since D is independent on K, we may assume that K 1 is generated by n elements b 1 , · · · , b n with b 2 , · · · , b n differentially algebraically independent and either b 1 is differentially algebraic over Q{b 2 , · · · , b n } or b 1 , b 2 , · · · , b n are differentially algebraically independent.
Then, we choose an
We show that the type ofb is finitely satisfiable in L, using the scheme (DL ω ) and the fact that T is complete. So, this type is satisfied by a tuplec of L * . Therefore, in the differential subfield Q c of L * , we can find a tupleā such that the formula θ(ā ) holds in L * . Since T * ,ω D is model-complete, L |= σ. The proof of the second part is similar to the proof of Corollary 4.3.
Large fields and comparison with Tressl's approach
M. Tressl considers differential fields with several commuting derivations, whose pure field theory has a model-companion. The main difference with our approach is that he only considers languages which are expansions by definition of the ring language. He introduces a scheme (U C) (for uniform companion) of axioms which says that algebraically prepared systems of differential equations in finitely many derivations and finitely many indeterminates, have a solution.
The key point of M. Tressl's approach is the use of large fields (see [23, p. 2] ). Examples of large fields are P AC, P RC and P pC fields (see [23, Section 3] ). He shows that any large field has an elementary extension in the language of rings that satisfies a scheme of axioms (U C) in the language of rings. In Section 2, we show that the class C of large fields is inductive and that it satisfies Hypothesis (I). So, by Corollary 3.11, we get that any differential large field K embeds into a differential large field K satisfying the scheme (DL) Z .
We claim that a theorem analogous to Theorem 4.2 holds.
Theorem 9.1. Let T be a first-order L f ields -theory of large fields. Suppose that T c is the model-completion of T . Then T c,D together with the scheme (DL) Z is the model-completion of T D .
Proof: We prove this result in the same way as Theorem 4.2, noting that using Lemma 3.2, if an element is differentially algebraic with a generic polynomial of order n and if it satisfies an inequation, then we may assume that the order of a polynomial occurring in that inequation has order ≤ n.
Let us consider like in [36] the case of a model-complete theory T of differential large fields in the language of rings. We may easily translate the schema (DL) ω to the case of differential large fields.
So we define the following scheme of axioms (DL) ω,Z as follows.
Definition 9.2. Let K be a differential field, then K is a model of (DL) ω,Z if the following scheme of axioms holds, with the same notations as in Definition 8.1: for any two differential polynomials f, g ∈ K{X 1 , · · · , X n } with the order of f bigger than or equal to the order of g in X 1 , n ∈ N × . ∃ᾱ 1 , . . . ,ᾱ n ∈ K f * (ᾱ 1 , . . . ,ᾱ n ) = 0 ∧ s * f (ᾱ 1 , . . . ,ᾱ n ) = 0 ∧ i * f (ᾱ 1 , . . . ,ᾱ n ) = 0 ∧ g * (ᾱ 1 , . . . ,ᾱ n ) = 0 ⇒ ∃z 1 , . . . , z n f (z 1 , . . . , z n ) = 0 ∧ s f (z 1 , . . . , z n ) = 0 ∧ i f (z 1 , . . . , z n ) = 0 ∧ g(z 1 , . . . , z n ) = 0.
So we can state the following analog of Theorem 8.3. We get a similar corollary about the transfer of the non property. Let L(C) = L fields ∪ C with C an infinite countable set of constants, let P SF be the theory of pseudo-finite fields, namely the theory P AC of pseudo-algebraically closed fields plus the scheme of axioms that for each n there is only one extension of degree n (the constantsc, wherec is a n-tuple are interpreted by the coefficients of an irreducible polynomial of degree n, n ∈ N). Since any model of P SF is large (see [23] ), the class of models of T satisfies Hypothesis (I). Moreover, in P SF , one has the following positive quantifier elimination result: any L(C)-formula φ(x) is equivalent to a conjunction of formulas of the form ∃T (g(c,x, T ) = 0) with g(c,x, T ) ∈ Z[c,x, T ] (see [7, Proposition 2.7] .) Corollary 9.5. The theory P SF D ∪ (DL) ω,Z is model-complete.
Note that if K is any infinite pseudo-finite field, then the theory of K has the property ( [11] ).
Concluding remarks
As we have seen with RV F , one can transfer model-completion results from the fraction field of an integral domain A to A itself. So, one can wonder whether one would have a "good" theory of models of COV R endowed with a derivation. Of course, in this new setting, one would require an interaction with the derivation and the order or the valuation (or more generally with the topology).
Differential valued fields with an interaction between the derivation and the valuation were first considered by M. Rosenlicht (see [31] ) and more recently by T. Scanlon (see [33] ). The study of differential-valued ordered fields, generalizing Hardy fields, was undertaken by M. Aschenbrenner and L. van den Dries in [1] .
In the case of a differential-valued field K as introduced by M. Rosenlicht The condition required by T. Scanlon is that for all field elements a, we have v (D(a)) v(a) . He obtains an Ax-Kochen-Ershov type Theorem provided the subfield of constants has the same value group as the whole field and the differential residue field is differentially linearly closed. We will study the valuation rings of these differential fields in a future paper. In the framework developed by T. Scanlon, it is rather straightforward to obtain results similar to the ones in the present paper.
The H-fields as introduced by L. van den Dries and M. Aschenbrenner are ordered differential-valued fields. Their restriction to the field language are models of RV F . They single out Liouville closed H-fields and show that any H-field has a Liouville closure. In this last case, the situation seems to be much more complicated; in particular they do not know whether the class of existentially closed H-fields is elementary (see [2] ).
